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CENTRAL LOCAL DISCONTINUOUS GALERKIN METHODS
ON OVERLAPPING CELLS FOR DIFFUSION EQUATIONS

YINGJIE Liv!, CHI-WANG SHU?, EITAN TADMOR® AND MENGPING ZHANG*

Abstract. In this paper we present two versions of the central local discontinuous Galerkin (LDG)
method on overlapping cells for solving diffusion equations, and provide their stability analysis and
error estimates for the linear heat equation. A comparison between the traditional LDG method on
a single mesh and the two versions of the central LDG method on overlapping cells is also made.
Numerical experiments are provided to validate the quantitative conclusions from the analysis and to
support conclusions for general polynomial degrees.
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1. INTRODUCTION

In this paper we present two versions of the central local discontinuous Galerkin (LDG) methods on overlap-
ping cells for solving diffusion equations, and provide their stability analysis and error estimates for the linear
heat equation. We also compare the traditional LDG method on a single mesh and the two versions of the
central LDG methods on overlapping cells in this context.

The LDG method is designed by suitably rewriting the diffusion partial differential equation (PDE) as a
first-order system and then discretizing it by the DG method [3]. For a general review of DG methods we refer
to [4]. In this paper we use overlapping cells and hence duplicative information, thereby avoiding numerical
fluxes which is a distinct advantage of central schemes. This work is a continuation of our earlier work in [6,7]
in which we presented and analyzed central DG schemes for hyperbolic PDEs. We would like to point out that
the discussion on the difficulties related to numerical fluxes for DG methods solving diffusion equations has
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attracted a lot of attention in the literature, for example we mention the recovery type DG method by van
Leer and Nomura [8] (see also [9]), and the hybridizable discontinuous Galerkin (HDG) method of Cockburn
et al. [5].

Our overall goal is to design (central) LDG methods which serve as effective solvers for convection diffusion
equations, ranging from scalar equations of the form

it F)s = (s, c(w) >0, (L1)

to general multidimensional systems of equations. The purely convective case was studied by us in [6,7]. The
main focus of this paper is therefore to initiate the study of central LDG methods for the diffusive case, where
we limit ourselves to a modest beginning with the linear heat equation

Ut = Ugg, (x,t) € [a,b] x [0,T7. (1.2)

The formulation of the LDG and central LDG methods for the heat equation (1.2), can be extended in a
straightforward manner to general nonlinear convection diffusion equations, see [3,6]. However, the stability
and convergence analysis is more subtle: our stability analysis and error estimates are restricted to the heat
equation with periodic boundary conditions and can be generalized to non-periodic boundary conditions, based
on the finite element techniques. Stability analysis of the (central) LDG method for more general nonlinear
diffusion is left for a future work.

The starting point of the LDG method is to rewrite the heat equation (1.2) as a first-order system

up — 1y =0, r—u, = 0. (1.3)

Let {x;} be a partition of [a,b] with hj, 1 =41 —x; and h = max; h;, 1. The mesh is regular, in the sense
that max; h;, 1 / min; h; +1 is upper-bounded by a fixed constant during mesh refinements. Denote x;,1 =
%(ijrl +xj), I; = (zjfé,zﬁ%), and Ij+% = (2j,2j41). Va is the set of piecewise polynomials of degree k
over the subintervals {I;} with no continuity assumed across the subinterval boundaries. Likewise, W}, is the
set of piecewise polynomials of degree k over the subintervals {I f +%} with no continuity assumed across the
subinterval boundaries.

The traditional LDG method is defined by formally using the DG method in equations (1.3). The semi-
discrete version is as follows. Find uy(-,t) € V), and rp(-,t) € V, such that for any ¢, € Vi, and oy, € V3,

_ o — 7 +
/Ij Orup, ppda = /Ij TR0z opde + Fiy1¢n (ijr%) i 1¢n (xj_%) (1.4)
/ rp Ypde = — / up Oy Ypdx + aj—i—%wh (x;r%) — ﬂj—%wh (x;;%> . (1.5)
1 1

Here @h(x;i , ) refers to the right and left limits, respectively, of the possibly discontinuous function @ (x)
2

at the cell interface z;,1. A good choice for the numerical fluxes (the hat terms), both in accuracy and in
compactness of the eventual stencil after the auxiliary variable r, is eliminated, is

vy = (5pt) o Aoy = () "

i.e. we alternatively take the left and right limits for the fluxes in u and r (we could of course also take the pair
Uh(xj__,r;vt) and 7y, (Jc;;_l ,t) as the fluxes).
2 2
The first version of central LDG method. On overlapping cells uses both the spaces V}, and W},. The
first semi-discrete version has the following form. Find wup (-, t), rn (-, t) € Vi, and vp (-, t), sn (-, t) € Wh, such that
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for any ppn, ¢ € Vi and ¢y, ¥y € W, we have

_ _ - _ , +
/Ij Opup, ppdx = /Ij SpOzpndx + sy, (:cﬁ%,t) ©h (:L'j+%> Sh (1]7%,t> ©h (:L'j_%> (1.7)
- _ - , - - _ , - + )

/Ij rn ppde = /Ij vpO0z@rda + vy, (:E]Jr%,t) Ph (:chr%) vy, (:E]f%,t) Ph (:L'].i%) ; (1.8)

/ Oyop Ypdx = */ rOetbnda + i (T, t) Y (5,,) — (), t) (1.9)
Ij+% Ij+%

wh(x;')/ sppda = —/ upOpthpda + up, (wj41,t) U, (x]-_ﬂ) —up (7,t) PYn (Ij—) ) (1.10)
IJ‘+% Ij+%

The second version of the central LDG method. Has a similar form to the first one: the only
difference from (1.7)—(1.10) is the addition of an extra term involving the difference between the two duplicative
solutions on different cells. This term serves as an additional numerical dissipation and we will see later that
the addition of this term allows us to recover optimal convergence rate for the piecewise linear case, as well
as providing smaller errors for non-smooth initial conditions. The semi-discrete version is as follows. Find
un (1), mn (-, t) € Vi, and vp (-, 1), sp(-,t) € Wi, such that for any ¢, @, € Vi, and ¥y, 1, € Wy, we have

1
/ Beun, ondz = / (on — un)gndae — / sndupnda
I; Tmax I; I;

- +
+ sp (ijr%,t) ©h (xj+%) — sp (ijé,t) ©h (xj_%> (1.11)
/ rp ppdr = —/ VpOpppda
I; I;
+ vy, (:Ej+%,t) Ph (:cjjr%) — vy, (:L'j_%,t) Ph (:L';;%) ; (1.12)
1
[ omumde=—— [ - wnde - [ nmdsinds

Tivy max I 1 Tivl
+ 75 (Tj41,t) Yn (5‘9;4-1) —rp (x5,1) "l/)h(lL';r) (1.13)

/ spYpde = */ upOpthpda

Ij+% Ij+%

+un (@i, ) n (7, ,) —un (25,8) Ya(z)) (1.14)

where Tmax is an upper bound of the time step size due to the CFL restriction, that is, Timax = ch? with a given
constant CFL number ¢ dictated by stability.

Both versions of the central LDG methods on overlapping cells do not need a numerical flux to define
the interface values of the solution, since the evaluation of the solution at the interface is in the middle of
the staggered mesh, hence in the continuous region of the solution. The initial condition is taken as the L2
projection of the PDE initial condition into the relevant finite element space.

The organization of the paper is as follows. In Section 2 we analyze the stability and give an error estimate for
the first version of the central LDG scheme (1.7)—(1.10) on overlapping cells. We will see that only a sub-optimal
O(h¥) error estimate can be proved for piecewise polynomials of degree k. This sub-optimal convergence rate
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is also verified by numerical experiments to be sharp for £ = 1. In Section 3 we analyze the stability and
give an error estimate for the second version of the central LDG scheme (1.11)—(1.14) on overlapping cells. We
still can only get the sub-optimal O(h¥) error estimate using the finite element technique, however a Fourier
analysis indicates the optimal O(h¥*1) convergence rate for k = 0 and k& = 1 and this optimal rate is confirmed
numerically together with the cases with higher k£ in Section 4. A comparison among the traditional LDG
scheme and the two versions of central LDG schemes on overlapping cells is also given in Section 4. Concluding
remarks are provided in Section 5.

2. ANALYSIS OF THE FIRST VERSION OF THE CENTRAL LDG SCHEME ON OVERLAPPING
CELLS

We study the L? stability of the LDG scheme on overlapping cells (1.7)-(1.10) for the equation (1.2) in
Section 2.1. In Section 2.2 we provide an L? a priori error estimate for smooth solutions. In Section 2.3 we
give a quantitative error estimate for this central LDG scheme for the polynomial degree up to 1 using Fourier
analysis, similar to the technique used in [7,10,11]. As indicated before, we assume periodic boundary conditions.

2.1. L? stability

Theorem 2.1. The numerical solution up, rp, vy and sy, of the LDG scheme (1.7)—(1.10) for the equation (1.2)
satisfies the following L? stability condition

1d [°

b
5 ), ((uh)2+(vh)2)d:c+/a (r + s7) dz = 0. (2.1)

Proof. Taking the test functions oy, = uy, and ¢y, = s, in (1.7) and (1.10) respectively, summing up over j, and
observing the periodic boundary condition, we have

1d/
2dt

b b
uidx—i—/ (sp)%dx
a

/g;j
T .

i—

S)

T, 1

az(uhsh)der/ e

Tj

Oz (upsp)dx — sp, (:chr% , t) up, (:c;_% , t)

1

[

1
2

+5p (xj_%,t) up, (ac;t ,t) —up (Tj+1,t) S (acj_ﬂ,t) + up, (z5,t) sp, (Jc;‘,t)l

= 0.
Similarly, taking the test functions ¢, = rj, and ¥, = v, in (1.8) and (1.9) respectively, we have

1d [b b
Sq v%d:ch/ ride = 0.

Summing up the two equalities proves the theorem. ]

Remark 2.1. The proof of Theorem 2.1 is similar to the proof of the cell entropy inequality for the traditional
LDG method in [3]. However, we cannot prove a similar L? stability result for the central LDG scheme on
overlapping cells when applied to the nonlinear diffusion equation (1.1), even though the scheme itself can
be easily defined for such nonlinear problems. The proof of Theorem 2.1 can be easily generalized to multi-
dimensional central LDG schemes on overlapping cells for the linear diffusion equation.
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2.2. L? a priori error estimate

In this subsection we use the standard DG techniques [3] to obtain an a priori L? error estimates for the first
version of the central LDG scheme on overlapping cells given in (1.7)—(1.10).

Theorem 2.2. The numerical solution up, rp, vy and sy, of the central LDG scheme on overlapping cells (1.7)—
(1.10) for the equation (1.2) with a smooth initial condition u(-,0) € H*2 satisfies the following L* error
estimate

llu —unl® + llw = vnl* + [[Juw = rall* +[||uz — snll]* < CA* (2.2)
where u is the exact solution of (1.2), k is the polynomial degree in the finite element spaces Vi, and Wy, and
the constant C depends on the (k+ 2)-th order Sobolev norm of the initial condition ||u(-,0)||gr+2 as well as on
the final time t, but is independent of the mesh size h. The unmarked norm || - || here and below is the standard
L? norm. The norm ||| - ||| is defined as

|||7"(~,15)|||2:/O Ir (-, 7)*dr.

Proof. Let us first introduce the shorthand notation

Bj(un, $n; on,¥n)

_ - +
= /Ij Orup, ppdx + /Ij Sp0zppdr — sp, (:Uj+%,t) On (ijr%) + sp (xj_%,t) ©h (xj,%) (2.3)
+/ sp nda +/ upOpthnde — up (zj41,t) U (ch_ﬂ) + up (x5, ) P (»Tj) .
Ij+% Ij+%

By the definition of the scheme, we have:
Bij(un, 15 9n, ) =0 (2.4)

for all j and all ¢ € Vj, and 1), € Wj. It can also be easily verified that the exact solutions u and r = u, of
the PDE (1.2) satisfy B

Bj(u, 75 0n,¢n) =0 (2.5)
for all j and all ¢;, € Vj, and ¢, € W),. This is usually referred to as the consistency of the scheme. Subtract-
ing (2.4) from (2.5), we obtain the error equation which represents the Galerkin orthogonality

Bj(u —un, ™ — sn;on, ¥n) = 0 (2.6)

for all j and all ¢p € V} and 1% e W
We now define P and ) as the standard L? projection into Vj, and W}, respectively. That is, for each j,

/zv (Pw(x) — w(x))pp(x)de =0 Yo € Pk(Ij) (2.7)
and
/1 (Qu(z) —w(x))y(x)de =0 Vpy, € Pk(Iﬂ_%) (2.8)

where Pk(Ij) and Pk(IH_%) denote the spaces of polynomials of the degree up to k in the cell I; and the cell
I 1 respectively. Standard approximation theory [2] implies, for a smooth function w,

I(Pw(z) — w(@)|l +h'2[[(Pw(z) — w(z))|r, < Ch* (2.9)
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and
[(Qui) = w(@)| +h2|(Qu(x) — w@)r,,, < Ch*! (2.10)

where I'; and I'; +1 denote the set of boundary points of all elements I; and I; /5 respectively, and the positive
constant C, here and below, solely depending on w(z) and its first k + 2 derivatives, is independent of h.

We also recall that [2], for any wp, € V}, or wy, € W, there exists a positive constant C' independent of wy,
and h, such that

10swnll < Ch M wnll;  llwnlle < Ch2[wy (2.11)
where I' =T'; or I’jJr%.
We now take:
on = Pu— up, Uy, = Qr — sp, (2.12)

in the error equation (2.6), and denote
¢ = Pu—u, PE=Qr—r (2.13)

to obtain
B;(¢n; ¥nipn, ¥n) = Bj(@®, ¥ on, ¥n). (2.14)
For the left-hand side of (2.14), we use a similar proof as that for Theorem 2.1 to conclude
b

b
ZBj(SDhﬂ/_)hWhﬂ/_)h): %%/ (<Ph)2dm+/ (¢n)?da. (2.15)
i a

a
We then write the right-hand side of (2.14) as a sum of three terms
Bj(¢°, 9% ¢n,vn) = Bj + B} + B} (2.16)

where

le- :/ 0t<peaphdx+/ Y da
1 Ij+%

B]2 = / weazwhdx‘i’/ @eazu—)hdm

L Ij+%

B? = —)° (Ij+%,t> ©h (x;+%,t) + (Ij_%,t> ©On (Ij_%,t) — ° (Tj41,t) Pn (xj_ﬂ,t) + ¢° (24,t) Pn (xj,t)
and we will estimate each term separately.
By the definition of the L? projection (2.7)-(2.8), we have

> B} =o. (2.17)

By using the simple inequality
1
af < 5 (a® 4+ 57), (2.18)

the L? projection error property (2.9)-(2.10) for ¢ and ¢, and the first inequality in (2.11) for ¢, and iy, we

have:
b b
Y IBjI < i </ (¢h)2dm+/ (J),L)de) +Ch?". (2.19)

J
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Finally, by using the simple inequality (2.18), the L? projection error property (2.9)—(2.10) for ¢¢ and °,

and the second inequality in (2.11) for ¢y, and )y, we have:

b b
> 1B}l < i (/ (@h)de+/ (wh)Qd:c> + Ch2*, (2.20)

Summing up (2.17), (2.19) and (2.20) and combining with (2.15), we obtain from (2.14)

d [t b b
e (pn)?dx +/ (n)?dz < C’/ (on)*dx + Ch?*,
or
d b b b
I (Pu — up,)*dz + / (Qr — sp)*dx < C’/ (Pu — up)?dz + Ch?*. (2.21)
a a a
Similarly we have:
d b b b
T u — vp)°dr + r—rp)de < u—vp)°dr + . 2.22
Q 2d p 2de <O | (Q 2dx 4+ Ch?*

This, together with an application of the Gronwall’s inequality [1] and the approximation result (2.9), (2.10)
for the projection errors and the errors of the initial condition, implies the desired error estimate (2.2). O

Remark 2.2. The error estimate of Theorem 2.2 is sub-optimal. The loss of accuracy mainly comes from the
estimate on BJQ-. Because it involves the products of piecewise polynomials on different meshes, the standard
trick of introducing a projection to make it zero does not apply. The boundary term Bj3- can be brought to zero
by special projections, but this will not help in improving the global error estimate. We will see from numerical
experiments later that this suboptimal error estimate is actually sharp for at least k = 1.

Remark 2.3. The error estimate of Theorem 2.2 can be easily generalized to multi-dimensional scalar linear
diffusion equations.

2.3. A quantitative error estimate via Fourier analysis

In this subsection we perform a Fourier analysis for the semi-discrete central LDG scheme on overlapping
cells (1.7)—(1.10) solving the heat equation (1.2) with uniform meshes for piecewise constant and piecewise
linear elements, using the techniques in [10,11], to obtain quantitative error estimates. We also use numerical
experiments to verify these error estimates.

For the simplest piecewise constant & = 0 case, we obtain the finite difference schemes corresponding to the
central LDG scheme on overlapping cells (1.7)—(1.10) as follows:

, 1
u]- = E(SjJr%*ij%)
1
ity = 7 (W —ug) (2.23)
for j = 0,...,N — 1. Here v/ denotes the time derivatives of u, and w, denotes the value of the numerical

solution w at the point x,, with w =w or s and o = j or j + % Eliminating s, we get:

1
u; = ﬁ (Uj+1 — 2’&]‘ + ’U,j_l) . (2.24)
This is apparently the standard second order centered finite difference scheme for solving the heat equation (1.2).
Nevertheless, in order to demonstrate our procedure we still perform the following standard Fourier analysis.
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Note that this analysis depends heavily on the assumption of uniform mesh sizes and periodic boundary condi-
tions. We make an ansatz of the form

Wi (t) = Gy (t)e™® (2.25)

and substitute this into the scheme (2.24) to find the evolution equation for the coefficient as

. 2 .
al,(t) = ﬁ(cos(mh) — 1)t (1). (2.26)
The general solution of the ODE (2.26) is given by

G (t) = agerz (cosmM =1t (2.27)

For accuracy we look at the low modes, in particular at m = 1. To fit the given initial condition

u;(0) = '™ (2.28)
whose imaginary part is the initial condition
u;(0) = sin(x;) (2.29)
we require, at t = 0,
11(0) =1,
hence we obtain the coefficients ag in (2.27) as
ap = 1. (2.30)

We remark that the usual way of taking initial conditions in a finite element method is via an L? projection, not
by a point value collocation (2.29), however this does not affect the final results in the analysis in this paper.
We thus have the explicit solutions of the scheme (2.24) with the initial condition (2.28), for example

’U/](t) — aoeimj+h%(cos(mh)71)t (231)

with m = 1 and the coefficient ag given by (2.30). By a simple Taylor expansion, we obtain the imaginary part
of u;(t) to be

Im{u;(t)} = e "sin(x;) + 11—2h2teft sin(z;) + O(h%). (2.32)

This is clearly consistent, and it is second order accurate at the cell center ;. This second order accuracy is
however a superconvergence phenomenon for uniform meshes at the cell center. We can do a similar analysis
for Im{v; 1 (£)}.

We now compute the k& = 0 central LDG solutions on overlapping cells (1.7)—(1.10) with u(z,0) = sin(x) as
the initial condition and with periodic boundary conditions, up to ¢t = 4, to verify the quantitative comparison
above. We use forward Euler time discretization and take a small time step At = 0.01h? to reduce the effect
from the time discretization. In order to be consistent with the error analysis above, the errors are computed
for uy, at the points z;. The discrete L? and L> errors (measuring the errors at cell centers x; only, namely

\/% Zjvzl |u(z;,t) — u;(t)|? for the L? error and max; |u(z;,t) —u;(t)| for the L> error) and order of accuracy
of the central LDG method on overlapping cells are listed in Table 1. We also list the predicted errors by
the analysis, namely the leading terms in the Taylor expansions in (2.32) in the table. We can see that the

predicted errors and the actual errors are very close, validating the quantitative analysis in (2.32). The error
at cell centers is apparently second order accurate. When measuring as finite element solutions (using 40

uniformly spaced sampling points per cell to compute the L? error \/% fo% |u(z,t) — up(x,t)|2dz and the
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TABLE 1. Discrete L? and L™ errors for uj, measured at the center of the cells, and orders of
accuracy of the central LDG method (1.7)—(1.10) for k = 0.

Numerical solutions Predicted by analysis
h L? error | Order | L™ error | Order | L? error | Order | L> error | Order
27/20 | 2.68E-07 - 3.78E-07 — 2.55E-07 - 3.60E-07 —

27/40 | 6.45E-08 | 2.05 | 9.12E-08 | 2.05 | 6.37E-08| 2.00 | 9.01E-01 | 2.00
27/80 | 1.60E-08 | 2.01 | 2.26E-08 | 2.01 | 1.59E-08 | 2.00 | 2.25E-08 | 2.00
27/160 | 3.99E-09 | 2.00 | 5.64E-09 | 2.00 | 3.98E-09 | 2.00 | 5.63E-09 | 2.00
27/320 | 9.96E-10 | 2.00 | 1.41E-09 | 2.00 | 9.96E-10| 2.00 | 1.41E-09 | 2.00
27/640 | 2.49E-10 | 2.00 | 3.52E-10 | 2.00 | 2.49E-10| 2.00 | 3.52E-10 | 2.00

TABLE 2. L? and L™ errors, measured as finite element solutions, and orders of accuracy of
the central LDG method (1.7)—(1.10) for k = 0.

Up

h L? error | Order | L™ error | Order
27/20 | 2.01E-06 - 6.89E-07 -
27 /40 | 7.08E-07 | 1.51 | 2.92E-07 | 1.24
27/80 | 3.17E-07 | 1.16 | 1.39E-07 | 1.07
27/160 | 1.54E-07 | 1.04 | 6.88E-08 | 1.02
27/320 | 7.67E-08 | 1.01 | 3.43E-08 | 1.00
27/640 | 3.83E-08 | 1.00 | 1.71E-08 | 1.00

L error max, |u(z,t) — up(x,t)|), the L? and L*> errors and order of accuracy of the central LDG scheme
(1.7)—(1.10) are listed in Table 2. Apparently, these errors are first order.

We now repeat this analysis for the piecewise linear £ = 1 case. The solution inside the cell [; or I, 41 is
then represented by

up(x,t) = U

()ph (€) + ujp 1 ()5 ()

IS

and _ _
sp(z,t) = 5j+i(t)¢}1z(§) + 5j+%¢f2b(€)

where @} (€) = =6+ 1, 02(6) = €+ 1, QL) = =€+ 3 and ¢2(6) = € — L, with ¢ = 202 With this
representation, taking the test functions ¢, and 1, as o}, ©7 and 1/_)}” 1/7,% respectively, eliminating the variable
s, and inverting the small 2 X 2 mass matrix by hand, we obtain easily the finite difference scheme corresponding
to the central LDG scheme (1.7) and (1.10) as

!
Yt ) g < i >+B ( i >+C ( it > (2.33)
Yird Y% Yitd Yitd

1 /13 =5 1 /=138 5 1/ 18 =5
i-m(2 %) s-n(7 L) c-n(2 1) e
8 8 4 4 8 8

for j =0,...,N—1. Here v’ denotes the time derivatives of u. We again perform the following standard Fourier
analysis for the finite difference scheme (2.33). We make an ansatz of the form

< Zjlig > - ( uu[jg) ) el (2.35)

with
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and substitute this into the scheme (2.33) to find the evolution equation for the coefficient vector as

a (¢ i 1
< ﬁtn’ﬁgti ) — G(m, h) ( :Jg ) (2.36)

where the amplification matrix G(m, h) is given by

>

G(m,h) = Ae”™ + B 4 Ce™" (2.37)

with the matrices A, B and C defined by (2.34). The eigenvalues of the amplification matrix G(m, h) are
—imh imh 9 —imh imh\2
A =-2+e + e, )\2:716 (=1 4e™")= (2.38)
The general solution of the ODE (2.33) is given by

U 1 (t
( um’_z( ) = ay e)‘lt Vi +as e)\2t‘/2, (239)
a

where the eigenvalues A\; and A2 are given by (2.38), and V4 and V5 are the corresponding eigenvectors given by

V1<1), V2<_11) (2.40)

For accuracy we look at the low modes, in particular at m = 1. To fit the given initial condition
(0)=e™ 7%, w1 (0) ="t (2.41)
whose imaginary part is our initial condition for (1.2), we require, at ¢t = 0,
~ . —h
U’m,— el 1
( ’amﬂr < el i ) '

This gives us the coefficients a; and ag in the solution (2.39). We thus have the explicit solution of the scheme
(2.33), (2.34) with the initial condition (2.41), for example

NN

—~

o O

— =

N————
I

uj_ 1= a1 TMTTE Y 4 gyt At =iy (2.42)
with the eigenvalues A\; and Ao given by (2.38) and the eigenvectors Vi and Va given by (2.40) with m = 1,
and the coefficients a; and as obtained by fitting the initial condition. Through a simple Taylor expansion, we

obtain the imaginary part of u;_1(t) to be

Im{u;_1 (1)} = et sin(z;_1) + %e*t (ef% + 1) cos(z;_1) + O(h?). (2.43)

The result for Im{u; 1 (t)} is similar. This analysis indicates a sub-optimal convergence rate of first order for
piecewise linear polynomials.
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TABLE 3. Discrete L? and L* errors for uj, measured at the points Ti 1, and orders of
accuracy of the central LDG method (1.7)—-(1.10) for k = 1.

Numerical solutions Predicted by analysis
h L? error | Order | L™ error | Order | L? error | Order | L> error | Order
27/20 | 3.30E-07 - 4.66E-07 — 1.94E-07 - 2.73E-07 —

2w /40 | 1.16E-07 | 1.50 | 1.64E-07 | 1.50 | 9.68E-08 | 1.00 | 1.37E-07 | 1.00
27/80 | 5.10E-08 | 1.19 | 7.21E-08 | 1.19 | 4.48E-08 | 1.00 | 6.84E-08 | 1.00
27/160 | 2.45E-08 | 1.06 | 3.47E-08 | 1.06 | 2.42E-08 | 1.00 | 3.42E-08 | 1.00
27/320 | 1.22E-08 | 1.01 | 1.72E-08 | 1.01 | 1.21E-08 | 1.00 | 1.71E-08 | 1.00
27/640 | 6.06E-09 | 1.00 | 8.57E-09 | 1.00 | 6.05E-09 | 1.00 | 8.56E-09 | 1.00

TABLE 4. L? and L™ errors, measured as finite element solutions, and orders of accuracy of
the central LDG method (1.7)—(1.10) for k = 1.

Up

h L? error | Order | L™ error | Order
27/20 | 1.97E-06 - 6.82E-07 -
27 /40 | 7.02E-07 | 1.49 | 2.91E-07 | 1.23
27/80 | 3.16E-07 | 1.15 | 1.39E-07 | 1.07
27/160 | 1.54E-07 | 1.04 | 6.87E-08 | 1.02
27/320 | 7.67E-08 | 1.01 | 3.43E-08 | 1.00
27/640 | 3.83E-08 | 1.00 | 1.71E-08 | 1.00

In principle this analysis can be performed for higher order polynomials in the central LDG scheme on
overlapping cells (1.7)—(1.10), however the algebra becomes prohibitively complicated.

We now compute the central LDG scheme (1.7)—(1.10) for k¥ = 1 on overlapping cells to (1.2) with u(z,0) =
sin(z) as the initial condition and with periodic boundary conditions, up to ¢t = 4, to verify the quantitative
analysis above. We use a second order Runge-Kutta method and take a small time step At = 0.01h2 to reduce
the effect from the time discretization. In order to be consistent with the error analysis above, the errors are
computed for uy at the points Ti 1. The discrete L? and L™ errors and order of accuracy of the central LDG
method (1.7)—(1.10) on overlapping cells are listed in Table 3. We also list the predicted errors by the analysis,
namely the leading terms in the Taylor expansions in (2.43) in the tables. We can see that the predicted errors
and the actual errors are very close, validating our quantitative analysis in (2.43). It is only first order accurate
for the LDG method on overlapping cells. When measuring as finite element solutions (using 40 uniformly
spaced sampling points per cell), the L? and L> errors and order of accuracy of the central LDG method
(1.7)—(1.10) are listed in Table 4. Again, the errors are only first order.

According to the analysis and numerical experiments in this section and in Section 4, it appears that the
central LDG method (1.7)—(1.10) on overlapping cells is suboptimal of order k for k = 1 but it seems to achieve
the optimal (k + 1)-th order for k > 1.

3. ANALYSIS OF THE SECOND VERSION OF CENTRAL LDG SCHEME ON OVERLAPPING
CELLS

In this section, we perform a similar analysis for the second version of the central LDG scheme on overlapping
cells, given by (1.11)—(1.14), for solving the heat equation (1.2). As before, we study the L? stability of the
central LDG scheme (1.11)—(1.14) in Section 3.1. In Section 3.2 we provide a L? a priori error estimate for
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smooth solutions. In Section 3.3 we give a quantitative error estimate for this scheme for polynomial degree up
to 1 using Fourier analysis, and provide numerical evidence to verify this analysis.

3.1. L? stability

Theorem 3.1. The numerical solution up, T, vy, and s, of the central LDG scheme (1.11)—(1.14) for equa-
tion (1.2) satisfies the following L* stability condition

1d [° b

o ((uh)2 + (vh)Q) dz + / (r% + sﬁ) dz <0. (3.1)
a a

Proof. Taking the test functions ¢, = un, ¥n = v, @n = 7, and ¥y, = sp, in (1.11)—(1.14) respectively, summing

up over j, and observing the periodic boundary condition, we have

1d [° 1d [° b b

5& i uidx + 5& i ’U;%d.ﬁ + /a T}Qde + /a Sidx
1 Ti+d Tj+1

= Z [T / itsg («Uh — uh) ’U,hdl' + / (Uh — ’Uh) ’l)hdx

j max :”j,% x;
Ti+d Tjt1 501 Tt
_ / Oz (up) spdx + / O (sn) updz | — / Dy (r1,) vpdz + / 9y () rada
Q?j7% ZTj xr 7% Zj

J
+ s, (:chr%,t) up, (:cjjr%,t) — Sp (:L'];%,t) up, (:c;i_,t) +7h (Tj41,t) v (:L';+1,t)

1
2
—rp (xj,t) vy (x;',t) + vy (xﬁ_%,t) Th (acjjr%,t) — up xj_%,t) Th (Jc;%,t)

+ up (Tj41,1) sp (acj_ﬂ,t) —up, (x,t) sp, (acj, t) ]

<0. (]

Remark 3.1. Comparing with the L? stability of the first version of the central LDG scheme, we notice the
additional numerical dissipation fab(uh — vy )%dx, which is related to the difference of the two duplicative sets
of information in the computational domain. The second version of the central LDG scheme couples these two
sets of duplicative solutions through the extra numerical diffusion term.

3.2. L? a priori error estimate

In this subsection we obtain an a priori L? error estimate for the central LDG scheme (1.11)—(1.14).

Theorem 3.2. The numerical solution up, rp, vy and s, of the central LDG scheme (1.11)—(1.14) for the
equation (1.2) with a smooth initial condition u(-,0) € H**2 satisfies the following L? error estimate

lu =]l + llu = vall* + [[Jue = rall* + llluz = sull[* < Ch*" (3-2)

where u, the constant C, and the norms are the same as those in Theorem 2.2.
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Proof. We introduce the following notation

Bj(uhavharfush;@hawha@h/lﬁh)
:/ O (Uh) (phd$+/ O (’Uh) ’lbhdx—i-/ Th @hdx—i—/ Sh ’lzhdx
I; 1 j 1

Ij+§ 1 IJ'+§

1
- </ (vhfuh)cphdwr/
Tmax 1; Jj+
+/ Oz (QOh)SthEJr/
I T

it3
— sn (ijr%,t) ©n (xj;%,t) + sp (xjfé,t) ©n (x;r_%,t> —rp (Tjs1,t) Yp (x]-jrl,t)
+rn (@5, t) n (2] ,8) — vn (achr%,t) Pn (:c;r%,t) + vy, (:E];%,t) @n (x;i%,t)
—up (Tj41,t) Un (x]-_ﬂ,t) + up, (z4,) n (acj,t) )

(un —vp) T/Jhdfﬂ)

1
2

Oy (”L/)h) rpdx + / Oy (Sa_h) vpde + / Oy (”L/)_h) upde
I I

it

By the definition of the scheme, we have:

Bj(uhavharhaSh;‘phawha@hai)h) =0 (33)

for all j and all ¢, ¢ € V}, and ¢y, ¥y € Wj. The consistency of the scheme can also be easily verified, namely
the exact solutions u, v = u and r, s = u, of the PDE (1.2) satisfy

Bj(U7U77“75§<Ph7whv¢hﬂZh) =0 (34)

for all j and all @y, @y € Vi, and ¥y, 1, € Wy, Subtracting (3.3) from (3.4), we obtain the error equation or
the Galerkin orthogonality

Bj(uiuhavaharfrhas75h;‘phawh7@haf¢;h):0 (35)

for all vy, @y € V3, and ”g/}h,i/;h € Wy,
With P and @ still denoting the standard L? projection into Vj, and W), respectively, we take

on=Pu—up, Yn=Qv—uvn, @n=Pr—ry, pp=Qs— s (3.6)
in the error equation (3.5), and denote
W=Pu—u, Y°=Qu—v, @=Pr—r, Y°=Qs—s (3.7)

to obtain - B B B
B;(pn, ¥n, @ns ¥nsi oy ny @ny ) = By (0,9, 6%, 0 n, Yny @hy ton).- (3.8)
For the left-hand side of (3.8), we use a similar proof as that for Theorem 3.1 to conclude

ZBj(SDhawha @ha’lﬁh; @h/lpfm@h/&h)
J

L e 2L [ +/b< 12d +/b<w 12d (3.9)
= —— ©hn x - — h x ©h X h i .
2t /. 2t /. i i
1 b
+ [ on - )i,
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We write the right-hand side of (3.8) as a sum of four terms
Bj(¢%, ¢, 8%, 0% n, Yns $n,n) = B} + B + B} + Bj (3.10)

where

B} = / Orp” prda +/ Op® pndx +/ ¢° pndx +/ U pda
I i Titg

Ij+% I

1
Bj2 B 7Tma,x <\/IJ (we - sae) sohdx * /J-'r% (906 - 1/}6) whdl')

B} = /I O (o) 0dr + / O (n) pdz + / Ou (pn) Uda + / 0x (vn) p°dx

T4 L Tivg

B = =0 (asvpt) on (a555:0) 4+ 9 (a5 0) en (5740 t) = @ (@000 (a70.)
+ 6 (ot n (o 8) = 0% (w0 t) on (5, 40t) +0° (5o t) o (27, 1)

(@j1:t) Un (2550, 1) +¢° (25, 8) vn (25, 1)

and we will estimate each term separately.
By the definition of the L? projection (2.7), (2.8), we have

> B} =o. (3.11)

By using the simple inequality (2.18), the L? projection error property (2.9), (2.10) for ¢ and 1, and the
fact that Tmax = ch?, we have

2 1 1 ’ e e\2 1 ’ 2
S5 [ @ -ePat; [ - wnra (3.12)
J max a a
1 ’ 2 2k
< (o — n)?dz + Ch2*.
2Tmax a

~ Again, by using the simple inequality (2.18), the L? projection error property (2.9), (2.10) for ¢, 1¢, ¢ and
¥, and the first inequality in (2.11) for ¢, ¥p, @n and ¢y, we have:

b
>_IBjl < i/ ((pn)*dz + (¥n)* + (n)* + (¥n)?) do + Ch?. (3.13)

Finally, by using the simple inequality (2.18), the L? projection error property (2.9)-(2.10) for ¢°, ¢, °
and ¥, and the second inequality in (2.11) for @p, ¥n, ¢n and ¥, we have:

b
Z |Bj| < i/ ((pn)?da + (¥n)? + (@n)* + (¥n)?) dz + Ch?". (3.14)

J

Summing up (3.11), (3.12), (3.13) and (3.14) and combining with (3.9), we obtain from (3.8)
d /b b - b
G [ (o @) dos [ (@0 + @) do < [ (o + n)pa + Cn,

a a
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This, together with an application of the Gronwall’s inequality and the approximation result (2.9), (2.10) for
the projection errors and the errors of the initial condition, implies the desired error estimate (3.2). O

Remark 3.2. The error estimate of Theorem 3.2 is sub-optimal. Analysis in the next subsection and numerical
evidence there and in Section 4 indicate that the method actually converges at the optimal (k + 1)-th order.

Remark 3.3. The error estimate of Theorem 3.2 can be easily generalized to multi-dimensional scalar linear
diffusion equations.

3.3. A quantitative error estimate via Fourier analysis

In this subsection we perform a Fourier analysis for the second version of the semi-discrete central LDG
scheme (1.11)—(1.14) for the diffusion equation (1.2) with uniform meshes for piecewise constant and linear
elements, using the techniques in [10,11] like in Section 2.3. We also use numerical experiments to verify these
error estimates.

For the piecewise constant k = 0 case, we obtain the finite difference schemes corresponding to the central
LDG scheme (1.11)—(1.14) as follows:

=3 ( )= ( )
u;, = —(s,,1 —s. - —uy Vi1 — U,
1
T = E (’UjJr% 7’Uj7%)
1 1 1
Yitt T, (rj41—1j) TmaX”jJr% + e (ujy1 — ug)
1
Si+y = 3 (Uj+1 = ) (3.15)
for j=0,...,N — 1. Here v/ and v’ denotes the time derivatives of v and v respectively. Eliminating r and s,
we get:
u'- . . .
o :A(“Jl)+B( 4 )+C(“J+1) (3.16)
Yirs V-4 YUj+d Vj+d
with
1 /1 1 [ —2- 22 - 1 10
A= 5 ( 0 QTTaX , B = 3 Qh;mx L e , C = e 27h2 . (3.17)
Tmax Tmax max
for j = 0,...,N — 1. We again perform the following standard Fourier analysis for the finite difference

scheme (3.16). We make an ansatz of the form

( U?jit()t) ) - ( g: Z({ff)) ) o' (3.18)

and substitute this into the scheme (3.16) to find the evolution equation for the coefficient vector as
Uy o(t) ( Um0 (t) >
A =G(m,h L 3.19
< O,z () ) A () (3.19)
where the amplification matrix G(m, h) is given by

G(m,h) = Ae™ ™" + B  Ce™" (3.20)
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TABLE 5. Discrete L? and L™ errors for uj, measured at the center of the cells, and orders of
accuracy of the central LDG method (1.11)—(1.14) for k = 0.

Numerical solutions Predicted by analysis
h L? error | Order | L™ error | Order | L? error | Order | L> error | Order
27/20 | 2.47E-06 - 3.49E-06 — 2.47E-06 - 3.49E-06 —

27/40 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00 |2.47E-06| 0.00 | 3.49E-06 | 0.00
27/80 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00 |2.47E-06| 0.00 | 3.49E-06 | 0.00
27/160 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00
27/320 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00
27/640 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00 | 2.47E-06 | 0.00 | 3.49E-06 | 0.00

with the matrices A, B and C' defined by (3.17). For accuracy we look at the low modes, in particular at m = 1.
To fit the given initial condition
u;(0) = e, v;41(0) =e it3 (3.21)

whose imaginary part is our initial condition for (1.2), we require, at ¢t = 0,

(0 (4)

Then we get the solution of the ODEs (3.16), (3.17) with the initial condition (3.21) for m = 1. Through a
simple Taylor expansion, we obtain the imaginary part of u;(t) to be

Im{u;(t)} = et sin(x;) + h? (_e—t—ﬁ n

—t—ﬁ . ) 3
B 382" ) sin(z;) + O(h?) (3.22)

where a = 5#=. The result for Im{v;, 1 ()} is similar. This analysis indicates that the scheme is not consistent
for piecewise constant elements.

We now compute the central LDG solutions on overlapping cells (1.11)—(1.14) with u(x,0) = sin(z) as the
initial condition and with periodic boundary conditions, up to ¢t = 4w, to verify the quantitative analysis above.
Numerical results show that the maximum time step for stability is Tmax = 0.12h%. We use forward Euler time
discretization and take a small time step At = 0.17ax to reduce the effect from the time discretization. In
order to be consistent with the error analysis above, the errors are computed for uj; at the points z; for the
piecewise constant elements. The numerical results are listed in Table 5. We also list the predicted errors by
the analysis, namely the leading terms in the Taylor expansions in (3.22) in the table. We can see that the
error analysis above and the numerical results are consistent, indicating that the method for the £ = 0 case is
not consistent.

For the piecewise linear k = 1 case, we obtain easily the finite difference scheme corresponding to the central
LDG scheme (1.11)—(1.14) overlapping cells:

ul

- 1 . 5 . .

i-i Uj-3 Ui-4 Yi+d

U, 1 U;_ 3 Uiy 1 Uiy 5

i l=a| 7T 4B T 4| UtE (3.23)
Ui+t Vi-3 Uj+d Vj+ s

/

v Vi_1 V43 V, 7

j+3 J—1 J+3 Jj+
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TABLE 6. Discrete L? and L* errors and orders of accuracy of the central LDG method (1.11)—
(1.14), measured at the points z;_1 for k = 1.

Numerical solutions Predicted by analysis
h L? error | Order | L™ error | Order | L? error | Order | L> error | Order
27/20 | 7.18E-07 - 1.01E-06 — 8.60E-07 - 1.21E-06 —
27 /40 | 2.05E-07 | 1.81 | 2.90E-07 | 1.80 | 2.15E-07| 2.00 | 3.04E-07 | 2.00
27/80 | 5.31E-08 | 1.95 7.51-08 1.95 | 5.38E-08 | 2.00 | 7.60E-08 | 2.00
27/160 | 1.34E-08 | 1.99 | 1.90E-08 | 1.99 | 1.34E-08 | 2.00 | 1.90E-08 | 2.00
27/320 | 3.36E-09 | 2.00 | 4.75E-09 | 2.00 | 3.36E-09 | 2.00 | 4.75E-09 | 2.00
27/640 | 8.40E-10 | 2.00 | 1.19E-09 | 2.00 | 8.40E-10| 2.00 | 1.19E-09 | 2.00
with the matrices A, B, and C given as
26a  —10a 1 13
A i —10a 26a -1 3
~ 16a 0 0 26a —10a |’
0 0 —10a 26a
—4(4 4 13a) 20a 3 -1
B_ L 20a —4(4 + 13a) 13
" 16a 1 13 —4(4 4+ 13a) 20a ’
-1 3 20a —4(4+ 13a)
26a —10a 0 0
1 —10a 26a 0 0
C=Ta| 3 1 2 —10a (3.24)
13 1 —10a 26a

for j =0,...,N — 1, where a = ™3=. Here u' and v denote the time derivatives of u and v respectively. We
again perform the standard Fourier analysis for the finite difference scheme. We obtain the imaginary part of
u;_1(t) to be

iy (0 = e sin () + (2RO
The result for Im{u; 1 ()}, Im{v; 1 (t)} and Im{v; s (¢)} are similar. Clearly, the method is now optimal
second order accurate.

We now compute the central LDG scheme (1.11)—(1.14) on overlapping cells to (1.2) with u(x,0) = sin(z) as
the initial condition and with periodic boundary conditions, up to ¢ = 4m, to verify the quantitative analysis
above. We take Tmax = 0.01h2, and use a second order Runge-Kutta method and take a small time step
At = 0.17nax to reduce the effect from the time discretization. In order to be consistent with the error analysis
above, the errors are computed for uy, at the points x;_ 1. The discrete L? and L™ errors and order of accuracy
of the central LDG method (1.11)—(1.14) are listed in Table 6. We also list the predicted errors by the analysis,
namely the leading terms in the Taylor expansions in (3.25) in the table. We can see that the predicted errors
and the actual errors are very close, validating our quantitative analysis in (3.25). It clear shows the expected
optimal second order accuracy. When measuring as finite element solutions (using 40 uniformly spaced sampling
points per cell), the L? and L® errors and order of accuracy are listed in Table 7. Again, the errors are second
order for the central LDG scheme (1.11)—(1.14).

In principle similar analysis can be performed for higher order polynomials in the central LDG scheme (1.11)—
(1.14), however the algebra becomes prohibitively complicated.

h2etsin (xj_i) + O(h%). (3.25)
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TABLE 7. L? and L™ errors, measured as finite element solutions, and orders of accuracy of
the local LDG method (1.11)—(1.14) for k& = 1.

Up

h L? error | order | L™ error | order
27/20 | 4.52E-06 - 1.02E-06 -
27w /40 | 1.29E-06 | 1.80 | 2.93E-07 | 1.81
27/80 | 3.35E-07 | 1.95 | 7.58E-08 | 1.95
27 /160 | 8.45E-08 | 1.99 | 1.91E-08 | 1.99
27/320 | 2.12E-08 | 2.00 | 4.79E-09 | 2.00
27/640 | 5.30E-09 | 2.00 | 1.20E-09 | 2.00

4. A COMPARISON AMONG THE TRADITIONAL LDG SCHEME AND THE TWO VERSIONS
OF CENTRAL LDG METHODS ON OVERLAPPING CELLS

In this section, we give a quantitative comparison among the traditional LDG scheme and the two versions of
central LDG methods on overlapping uniform and non-uniform meshes for solving the heat equation (1.2) with
smooth and non-smooth initial conditions respectively. We should keep in mind that the traditional LDG scheme
and the first version of the central LDG scheme (1.7)—(1.10) involve the same number of operation counts, when
implemented in the matrix form (2.33), however the second version of the central LDG scheme (1.11)—(1.14) is
about three times as expensive when implemented in the matrix form (3.24) when noticing the zeros in some
of the matrices.

4.1. The three methods on uniform grids for the heat equation with smooth initial
condition

In [10], results similar to those in Sections 2.3 and 3.3 were obtained for the traditional LDG scheme (1.4), (1.5)
applied to the diffusion equation (1.2). For the piecewise constant k = 0 case, the result for the traditional LDG
scheme is the same as the LDG method on overlapping cells (2.32). For the piecewise linear k = 1 case, it is

1

e tsin (:c o
J—1

o h% 4+ O(h3). (4.1)

Im{u;_1(t)} = e 'sin (:Cj—i) -

We now compute the traditional LDG scheme (1.4), (1.5) for £ = 1 to (1.2) with u(z,0) = sin(z) as the
initial condition and with periodic boundary conditions, up to t = 4w. We use a second order Runge-Kutta
method and take a small time step At = 0.01h%. The discrete L? and L™ errors and order of accuracy of uy, at
the points T; 1 are listed in Table 8. When measuring as finite element solutions (using 40 uniformly spaced
sampling points per cell), the L? and L> errors and order of accuracy are also listed in Table 8. Again, the
errors are second order.

Based on the results in Sections 2.3, 3.3 and above results, we have the following conclusions. Here, the
traditional LDG scheme refers to (1.4), (1.5); the first version of the central LDG scheme on overlapping cells
refers to (1.7)—(1.10); and the second version of the central LDG scheme on overlapping cells refers to (1.11)—
(1.14).

For the piecewise constant k = 0 case:

1. The semi-discrete versions of the traditional LDG scheme, and the two versions of the central LDG
schemes on overlapping cells are all stable.

2. The semi-discrete versions of the traditional LDG and first version of central LDG scheme on overlapping
cells are the same, and they are both second order accurate at the cell centers x; and first order when
measured as finite element solutions. However, the second version of central LDG scheme on overlapping
cells is not consistent.
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TABLE 8. Discrete L? and L errors for uy, measured at the points Tio1 and as finite element
solutions, and orders of accuracy of the traditional LDG scheme (1.4), (1.5) for k = 1.

Measured at the points z;_ 1 Measured as finite element solutions
h L? error | Order | L™ error | Order | L? error | Order | L* error | Order
27/20 | 9.69E-09 - 1.36E-08 - 6.81E-08 - 5.60E-08 -

2w/40 | 2.51E-09 | 1.95 | 3.54E-09 | 1.95 | 1.71E-08 | 2.00 | 1.39E-08 | 2.01
27/80 | 6.32E-10 | 1.99 | 8.94E-10 | 1.99 | 4.29E-09 | 2.00 | 3.46E-09 | 2.00
27/160 | 1.58E-10 | 2.00 | 2.24E-10 | 2.00 | 1.07E-09 | 2.00 | 8.64E-10 | 2.00
27/320 | 3.96E-11 | 2.00 | 5.60E-11 | 2.00 | 2.68E-10| 2.00 | 2.16E-10 | 2.00
27/640 | 9.90E-12 | 2.00 | 1.40E-11 | 2.00 | 6.70E-11| 2.00 | 5.40E-11 | 2.00

TABLE 9. L? and L errors and orders of accuracy of the two versions of the central LDG
methods on uniform grids for k = 2.

First version Second version
h L? error | Order | L™ error | Order | L? error | Order | L* error | Order
27/20 | 3.70E-4 3.74E-4 3.62E-4 3.36E-04 -

2/40 | 4.84E-5 | 2.94 | 5.10E-5 | 2.88 | 4.52E-5 | 3.00 | 4.18E-5 | 3.01
27/80 | 6.49E-6 | 2.90 | 6.99E-6 | 2.88 | 5.66E-6 | 3.00 | 5.22E-6 | 3.00
2r/160 | 8.19E-7 | 299 | 882E-7 | 2.99 | 7.07E-7 | 3.00 | 6.53E-7 | 3.00
27/320 | 1.02E-7 | 3.00 1.10E-7 | 3.00 | 8.84E-8 | 3.00 | 8.17E-8 | 3.00
27/640 | 1.28E-8 | 3.00 1.38E-8 | 3.00 | 1.10E-8 | 3.00 | 1.02E-8 | 3.00

For the piecewise linear k = 1 case we have the following conclusions:

1. The semi-discrete versions of the traditional LDG scheme and the two versions of central LDG schemes
on overlapping cells are all consistent and stable.

2. Both the traditional LDG scheme and the second version of central LDG scheme on overlapping cells
are second order accurate. Comparing (3.25) with (4.1), we can see that the leading term of the error for
the second version of the central LDG scheme is about half of that for the traditional LDG scheme for
a = 1. However, the first version of the central LDG scheme on overlapping cells is first order accurate.

For the k = 2 and k = 3 cases, it is difficult to make the quantitative analysis as in Sections 2.3 and 3.3. We
therefore perform numerical tests to draw some general conclusions. We compute the two versions of the central
LDG schemes on overlapping cells and traditional LDG scheme to (1.2) with periodic boundary conditions, up
to t = 4m, with the initial condition u(x,0) = sin(0.01z). For the first version of the central LDG on overlapping
cells and the traditional LDG scheme, we use the second order Runge-Kutta method with a small time step
At = 0.001h2 to reduce the effect from the time discretization. For the second version of the central LDG on
overlapping cells, we use Tyax = 0.0122, and the second order Runge-Kutta method with a small time step
At = 0.17nax to reduce the effect from the time discretization. The L? and L™ errors and order of accuracy of
these two central LDG schemes are listed in Table 9 for £ = 2 and Table 10 for k£ = 3 respectively. The results
of the traditional LDG scheme are shown in Table 11 for k£ = 2 and k = 3.

For the k = 4 cases, we compute the two versions of the central LDG schemes on overlapping cells and
traditional LDG scheme to (1.2) with periodic boundary conditions, up to ¢ = 4m, with the initial condition
u(xz,0) = sin(0.0001x). For the first version of the central LDG on overlapping cells and the traditional LDG
scheme, we use the second order Runge-Kutta method with a small time step At = 0.0001h2 to reduce the
effect from the time discretization. For the second version of the central LDG on overlapping cells, we use
Tmax = 0.001R2, and the second order Runge-Kutta method with a small time step At = 0.17Tmax to reduce
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TABLE 10. L? and L™ errors and orders of accuracy of the two versions of the central LDG
methods on uniform grids for k = 3.

First version Second version

h L? error | Order | L™ error | Order | L? error | Order | L> error | Order
27w/20 | 7.31E-6 — 9.47E-6 - 7.21E-6 — 8.19E-6 —
27/40 | 4.51E-7 | 4.02 5.16E-7 | 4.20 | 4.59E-7 | 3.97 4.69E-7 | 4.13
2w /80 | 2.84E-8 | 4.00 3.05E-8 4.08 | 2.87TE-8 | 4.00 2.93E-8 4.00
27/160 | 1.77E-9 | 4.00 1.91E-9 4.00 | 1.79E-9 | 4.00 1.83E-9 4.00
27/320 | 1.11E-10 | 4.00 | 1.19E-10 | 4.00 | 1.12E-10| 4.00 | 1.15E-10 | 4.00
27/640 | 6.92E-12 | 4.00 | 7.47E-12 | 4.00 | 6.93E-12 | 4.02 | 7.08E-12 | 4.02

TABLE 11. L? and L™ errors and orders of accuracy of the traditional LDG methods uniform
grids for k =2 and k = 3.

k=2 k=3

h L? error | Order | L™ error | Order | L? error | Order | L™ error | Order
27/20 | 4.20E-4 - 3.05E-4 — 8.37E-6 — 9.84E-6 —
27/40 | 6.17E-5 | 2.75 4.61E-5 2.73 | 5.97E-7 | 3.81 5.22E-7 | 4.24
27/80 | 8.04E-6 | 2.94 6.33E-6 2.86 | 3.86E-8 | 3.95 3.13E-8 4.05
27/160 | 1.00E-6 | 3.00 7.92E-7 | 3.00 | 2.42E-9 | 4.00 1.97E-9 4.00
27/320 | 1.26E-7 | 3.00 9.91E-8 3.00 | 1.51E-10 | 4.00 | 1.23E-10 | 4.00
27/640 | 1.57E-8 | 3.00 1.24E-8 3.00 | 9.42E-12 | 4.00 | 7.61E-12 | 4.00

TABLE 12. L? and L™ errors and orders of accuracy of the two versions of the central LDG
methods on uniform grids for k = 4.

First version Second version
h L? error | order | L™ error | order | L? error | order | L™ error | order
27/20 | 1.30E-7 - 2.41E-7 - 1.30E-7 — 2.41E-7 —
2w /40 | 4.07E-9 | 5.00 | 7.54E-9 | 5.00 | 4.06E-9 | 5.00 | 7.51E-9 | 5.00
27/80 | 1.28E-10 | 5.00 | 2.37E-10 | 5.00 | 1.26E-10 | 5.01 | 2.32E-10 | 5.01
27/160 | 4.05E-12 | 4.98 | 7.56E-12 | 4.97 | 3.87TE-12 | 5.03 | 6.99E-12 | 5.05

TABLE 13. L? and L™ errors and orders

of accuracy of the traditional LDG methods on

uniform grids for k = 4.
k=4
h L? error | Order | L™ error | Order
27/20 | 1.30E-7 — 2.40E-7 -
27/40 | 4.06E-9 | 5.00 7.49E-9 5.01
27/80 | 1.26E-10 | 5.01 | 2.30E-10 | 5.02
27/160 | 3.85E-12 | 5.03 | 6.76E-12 | 5.10

the effect from the time discretization. The L? and L> errors and order of accuracy of these two central LDG

schemes are listed in Table 12 for k = 4. The results of the traditional LDG scheme are shown in Table 13.
The numerical results suggest that the first version of the central LDG scheme is of sub-optimal first order

accuracy for k = 1 and of optimal (k + 1)-th order for k # 1, and the second version of the central LDG scheme
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TABLE 14. L? and L™ errors and orders of accuracy of the two versions of the central LDG
methods on non-uniform grids for £ = 0.

First version Second version
h L? error | Order | L™ error | Order
27/20 | 1.55E-04 2.52E-05 1.36E-04 — 249E-05 -

27/40 | 1.32E-05 | 3.55 | 2.78E-06 | 3.40 | 2.43E-05 2.49 6.44E-06 1.95
27/80 | 1.03E-06 | 3.68 | 3.03E-07 | 2.97 | 1.56E-06 0.64 3.69E-07 0.81
27/160 | 1.57E-07 | 2.71 | 7.75E-08 | 1.96 | 1.56E-05 0.00 3.49E-06 0.00
27/320 | 7.68E-08 | 1.03 | 3.75E-08 | 1.05 | 1.56E-05 0.00 3.49E-06 0.00
27/640 | 3.84E-08 | 1.01 | 1.85E-08 | 1.02 | 1.56E-05 0.00 3.49E-06 0.00

TABLE 15. L? and L™ errors and orders of accuracy of the two versions of the central LDG
methods on non-uniform grids for k = 1.

First version Second version
h L2 error | Order | L™ error | Order | L2 error | Order | L™ error | Order
27/20 | 1.20E-4 4.62E-5 - 3.41E-5 - 6.37E-6 -

27/40 | 1.75E-4 | -0.54 | 6.04E-5 | -0.39 | 4.84E-6 | 2.82 1.03E-6 2.63
27/80 | 3.18E-5 | 2.48 1.09E-5 | 2.47 | 4.60E-7 | 3.39 1.26E-7 | 3.03
27/160 | 1.08E-5 | 1.55 3.75E-6 1.54 | 845E-8 | 2.44 1.96E-8 2.68
27/320 | 2.11E-6 | 2.35 7.56E-7 | 231 | 2.14E-8 | 1.99 | 5.28E-9 1.89
27/640 | 2.23E-6 | 0.00 | 7.77E-7 | 0.00 | 5.31E-9 | 2.01 1.28E-9 2.05

is of the optimal (k + 1)-th order for all k. Quantitatively, it seems that the errors for the two versions of the
central LDG scheme are close and they are slightly smaller than that for the regular LDG scheme for the same
mesh size.

4.2. The three methods on randomly perturbed non-uniform grids for the heat equation
with smooth initial condition

Since the central LDG methods use two overlapping grids and the interplay between them might be important
for the convergence, we numerically study the errors on non-uniform meshes in this subsection. The non-uniform
meshes in this subsection are obtained by randomly perturbing each cell interface of a uniform mesh by up to
10%.

As before, for the £ = 0 and & = 1 cases, we compute the two versions of the central LDG schemes
on overlapping cells to (1.2) with periodic boundary conditions, up to ¢t = 4m, with the initial condition
u(z,0) = sin(z) on non-uniform meshes. Here for the first version of the central LDG on overlapping cells, we
use the second order Runge-Kutta method with a small time step At = 0.001h2 to reduce the effect from the
time discretization. For the second version of the central LDG on overlapping cells, we use Tmayx = 0.01h2, and
the second order Runge-Kutta method with a small time step At = 0.17ax to reduce the effect from the time
discretization. The L? and L> errors and order of accuracy of these two central LDG schemes are listed in
Table 14 for k = 0 and in Table 15 for & = 1, respectively. The results of the second version of the central LDG
scheme for k = 0 are expected since the scheme is not consistent. The results of the first version of the central
LDG scheme for the k = 1 case does not provide a clean order pattern, however Figure 1 shows the relationship
between the L? errors and the number of cells for this case, with the order of accuracy being 1.92 by a least
square fitting.

For the k = 2 and k = 3 cases, the two versions of the central LDG schemes on overlapping cells to (1.2)
with periodic boundary conditions, up to ¢t = 4w, with the initial condition u(x,0) = sin(0.01z) on the same
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FIGURE 1. The L? error versus the number of cells, in logarithm scale, obtained by using the
first version of the central LDG methods with non-uniform meshes. The symbols (square) are
the L? errors and the solid line is the least square fit to the errors.

TABLE 16. L? and L™ errors and orders of accuracy of the two versions of the central LDG
methods on non-uniform grids for k& = 2.

First version Second version
h L? error | Order | L™ error | Order | L? error | Order | L™ error | Order
27/20 | 3.69E-4 3.78E-4 3.62E-4 3.55E-4 -

27/40 | 4.86E-5 | 2.93 | 5.28E-5 | 2.84 | 4.55E-5 | 2.99 | 4.48E-5 | 2.99
27/80 | 6.51E-6 | 2.90 | 7.67E-6 | 2.78 | 5.71E-6 | 3.00 | 5.69E-6 | 2.98
27/160 | 8.26E-7 | 2.98 1.02E-6 | 2.91 | 7.20E-7 | 2.99 | 7.38E-7 | 2.94
27/320 | 1.03E-7 | 3.00 1.33E-7 | 293 | 9.01E-8 | 3.00 | 9.23E-8 | 3.00
27/640 | 1.29E-8 | 3.00 1.65E-8 | 3.01 | 1.12E-8 | 3.00 | 1.16E-9 | 2.99

randomly perturbed non-uniform grids are tested. For the first version of the central LDG on overlapping cells,
we use the second order Runge-Kutta method with a small time step At = 0.001h? to reduce the effect from
the time discretization. For the second version of the central LDG on overlapping cells, we use Tmax = 0.01h2,
and the second order Runge-Kutta method with a small time step At = 0.17max to reduce the effect from the
time discretization. The L? and L™ errors and order of accuracy of these two central LDG schemes are listed
in Table 16 for £ = 2 and Table 17 for k = 3, respectively.

For the k = 4 cases, we compute the two versions of the central LDG schemes on overlapping cells to (1.2)
with periodic boundary conditions, up to ¢t = 4m, with the initial condition u(x,0) = sin(0.0001z) on the same
randomly perturbed non-uniform grids. For the first version of the central LDG on overlapping cells, we use
the second order Runge-Kutta method with a small time step At = 0.0001h? to reduce the effect from the time
discretization. For the second version of the central LDG on overlapping cells, we use Tmax = 0.001h2, and
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TABLE 17. L? and L™ errors and orders of accuracy of the two versions of the central LDG

methods on non-uniform grids for k& = 3.

First version Second version

h L? error | Order | L™ error | Order | L? error | Order | L error | Order
27/20 | T7.46E-6 - 1.06E-5 - 7.43E-6 - 8.68E-6 -
2w /40 | 4.57E-7 | 4.03 6.42E-7 | 4.04 | 4.64E-7 | 4.00 5.85E-7 | 3.89
27/80 | 2.87E-8 | 4.00 3.89E-8 4.05 | 2.89E-8 | 4.01 3.56E-8 4.04
27/160 | 1.80E-9 | 3.99 2.55E-9 3.93 | 1.81E-9 | 4.00 2.31E-9 3.95
27/320 | 1.13E-10 | 4.00 | 1.78E-10 | 3.84 | 1.13E-10| 4.00 | 1.48E-10 | 3.96
27/640 | 7.09E-12 | 3.99 | 1.16E-11 | 3.95 | 7.05E-12 | 4.00 | 9.49E-12 | 3.97
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TABLE 18. L? and L™ errors and orders of accuracy of the two versions of the central LDG
methods on non-uniform grids for k = 4.

First version Second version
h L? error | Order | L™ error | Order | L? error | order | L™ error | Order
27w/20 | 1.30E-7 - 2.54E-7 — 1.30E-7 - 2.54E-7 -
27/40 | 4.12E-9 | 4.98 8.04E-9 498 | 4.11E-9 | 498 | 8.01E-9 4.99
27/80 | 1.28E-10 | 5.01 | 2.65E-10 | 4.93 | 1.27E-10 | 5.01 | 2.61E-10 | 4.94
27/160 | 4.01E-12 | 5.00 | 9.16E-12 | 4.85 | 3.90E-12 | 5.02 | 8.71E-12 | 4.91
27/320 | 1.26E-13 | 5.00 | 2.80E-13 | 5.03 | 1.14E-13 | 5.09 | 2.30E-13 | 5.24

the second order Runge-Kutta method with a small time step At = 0.17ax to reduce the effect from the time
discretization. The L? and L> errors and order of accuracy of these two central LDG schemes are listed in
Table 18 for k = 4.

By comparing the above results, we can see that L? and L errors and order of accuracy of these two central
LDG schemes on uniform grids and randomly perturbed non-uniform grids are comparable, with the errors on
the non-uniform grids slightly larger for the same number of cells.

4.3. The three methods on uniform grids for the heat equation with non-smooth initial
condition

In the subsection, we compute the two versions of the central LDG schemes on overlapping cells and the
traditional LDG scheme to (1.2) with periodic boundary conditions, up to ¢t = 47, with the non-smooth initial
condition

1 -7 <
u(z,0) = { 0, otherwise

for k = 2. For the first version of the central LDG methods and the traditional LDG scheme on uniform grids,
we use the second order Runge-Kutta method with a small time step At = 0.0001h2 to reduce the effect from
the time discretization. The results are shown in Table 19. The order of accuracy is 2. This is expected as the
lack of regularity of the initial condition impacts the order of convergence.

For the second version of the central LDG on overlapping cells, we use Tmax = 0.1h2, and the second order
Runge-Kutta method with a small time step At = 0.017ax to reduce the effect from the time discretization.
Table 20 shows the results. The order of accuracy is also 2. However, the errors are smaller than the traditional
LDG or the first version of the central LDG on the same meshes, indicating that the extra numerical dissipation
in the second version of the central LDG scheme is helping for non-smooth data.
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TABLE 19. L? and L™ errors and orders of accuracy of the first version of the central LDG
methods and traditional LDG method with non-smooth initial condition for k& = 2.

First version Traditional LDG
h L? error | Order | L™ error | Order | L? error | Order | L* error | Order
2w/20 | 6.10E-8 - 1.37E-8 — 6.09E-8 - 1.37E-8 —
27/40 | 1.53E-8 | 2.00 3.42E-9 2.00 | 1.53E-8 | 2.00 3.42E-9 2.00
27/80 | 3.83E-9 | 2.00 | 8.56E-10 | 2.00 | 3.83E-9 | 2.00 | 8.62E-10 | 1.99
27/160 | 9.64E-10 | 1.99 | 2.18E-10 | 1.98 | 9.67E-10| 1.99 | 2.38E-10 | 1.86

TABLE 20. L? and L™ errors and orders of accuracy of the second version of the central LDG

methods with non-smooth initial condition for k = 2.

k=2
h L? error | Order | L™ error | Order
27/20 | 3.07E-8 - 6.90E-9 -
27 /40 | 7.66E-9 | 2.00 1.72E-9 2.01
27/80 | 1.92E-9 | 2.00 | 4.29E-10 | 2.00
27/160 | 4.83E-10 | 1.99 | 1.12E-10 | 1.94

5. CONCLUDING REMARKS

We have described two versions of the central local discontinuous Galerkin (LDG) methods for solving
parabolic equations. Stability analysis and error estimates are given for the linear heat equation. Quantitative
analysis and comparisons are given for the traditional LDG scheme and the two versions of central LDG schemes.
The central LDG schemes avoid the choice of numerical fluxes and provide duplicative information based on
the two overlapping meshes.
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